Analytical approximate solutions to the Helmholtz's equation are obtained for acoustic mode propagation in a slowly va•ing ocean waveguide. Specific calculations are displayed for the particular case of propagation through mesoscale eddies in the western North Atlantic. An asymptotic expansion of the solution to the coupled equations governing the range variations of the modal amplitudes gives explicit expressions.for the correction terms to the adiabatic approximation, which is discussed in detail. The validity of the adiabatic and asymptotic approximations is found to depend strongly on acoustic frequency, mode number, and propagation range. It is also found to depend on the particular acoustic quantity considered, such as magnitude, phase, and travel time.
INTRODUCTION
The representation of the acoustic field in the ocean in terms of propagating modes is useful and convenient in a number of applications, particularly if the sound speed, medium density, and boundary conditions can be considered range independent. In such an idealized perfectly stratified environment, the governing equation is separable and the normal modes constitute an exact solution of the wave equation. In the real world, however, perfect stratification never occurs and range variations must be taken into account. If somehow those variations are small, one expects the effects to be correspondingly small. It is one of the objects of this paper to quantify this last statement in the context of small, slow changes of the sound-speed structure due to mesoscale perturbations in the ocean interior.
The goal of this paper is to refine the estimates of the conditions required for the adiabatic approximation. This is achieved by implementing numerically the uniformly valid asymptotic approximation given by Desaubies, •2 which gives the corrections to the adiabatic solution. The calculations are done for three ocean models representative of eddies in the Northwest Atlantic. It is found that the restrictions on the approximate solutions involve rather severe limitations on acoustic frequency, mode number, and propagation range; they also depend on the quantity calculated (here we focus on pressure intensity and on the modal travel times). In Sec. I we rederive the set of coupled mode equations to introduce the notation and some estimates of the magnitude of sound-speed perturbations typical of mesoscale eddies in the western North Atlantic are given. Perturbation techniques are used in Sec. II to obtain a useful expression for the group velocity at any range. The concept of group velocity and modal travel times are also discussed. For a multimodal representation of the acoustic field in the adiabatic approximation a group slowness tensor is introduced; when coupling cannot be neglected there is no simple expression for the modal travel times and group velocity (or slowness). The validity of the approximations is discussed in Sec. III for three ocean models and in Sec. IV a summary and conclusions are presented.
L SOLUTION OF THE COUPLED MODE EQUATIONS BY ASYMPTOTIC EXPANSIONS

A. The coupled equations
Consider an ocean of depth h with a fiat rigid bottom Returning now to the main thrust of this section, it is clear that the travel times given by the adiabatic approximation Eq. (7) will be in error whenever the correction terms in Eq. (13) are significant. This will be discussed in the following section, but we note here that the calculation of the deft- (18) and (21) it is in principle straightforward to evaluate 8•/8co, but it is very cumbersome. In Sec. III it is evaluated numerically by finite differences. •l(X•') = %Fl(Z)COS Kx, ' The third model is the observed set of sound profiles [ Fig. 3(a) ] with corresponding perturbations shown in Fig.   3(b) .
III. EVALUATION OF THE RESULTS FOR MID OCEAN
B. Estimates of order of magnitude of correction terms
In order to assess the validity of the solution given by Eq. (13) (kin)-0.0 •0.7 98.3 124.4 147.2 172.1 199.1 245.8 
Second ocean model
Here we use the exact profile shown in Fig. 1 with the perturbation from Eq. (24). The eigenfunctious, eigenvalues, and integral in Eq. (26) are evaluated numerically (with sin Kx = 1, i.e., for the maximum perturbation) and the results combined to form the quantities Q.,.., + 1 and Pm' The results for Qrn,rn+l are shown in Fig. 4(b) ; they are qualitatively consistent with those obtained from model 1 [Fig. 4(a) ]. Values of Pro are given in Table I , in good agreement with Eq. (35), except at 10 Hz, which we expect to be anomalous due .to boundary interaction. The main result here is again the very weak frequency and mode number dependence.
• Third ocean model
The two parameters Q,,.
•, +, and P,, defined in Eqs. In the first term P,• • 1 can be neglected, and we have seen previously that the frequency dependence of P,, is very small [Eq. (35), Fig. 9 , where we show, for different modes as a function of range, the difference in travel time between exact and adiabatic [ Fig. 9 (a) ] and exact and asymptotic solutions [ Fig. 9(b) ]. The error is usually small but can be as high aS 2 or 3 ms, a large value for some applications such as tomography. For stronger eddies the error can become quite large, as shown in Fig. 9 (c) and (d More accurate computations, pertaining to an observed set of profiles, show that the dependence of the solution on the parameters is more intricate and less systematic; it depends also on the quantity of interest. For the pressure amplitude, for instance, the correction terms, which represent the coupling between the modes, constitute an interference pattern which diminishes their effect. Thus the adiabatic approximation accounts fairly well for the magnitude of the pressure. On the other hand it gives large errors on the phase, which is obtained to a better accuracy with the asymptotic solution.
The modal group velocities and travel times are also of interest in some applications such as acoustic tomography.
We have shown that in a multimodal representation the concept of group velocity must be re-examined and generalized by the introduction of a group slowness tensor. When the modes are coupled the phase of each mode is given by a difficult expression [Eq. (15) ], and we have not derived the group velocity or modal travel times. The latter have been evaluated numerically in the adiabatic and asymptotic approximations. We find that the travel times so calculated are in error by a few ms, which can be significant in tomo-
graphy. 24
When the strength of the sound-speed perturbation is increased to larger (but not unrealistic) values, the two approximate solutions give large, unacceptable errors in the acoustic pressure and the modal travel times. It is noteworthy that these errors are not linear 'in the perturbations. Several of the results given here (such as the pattern of mode interference or the eigenvalue spacing as a function of frequency) are sensitive functions of the mean profile c(z).
Here we have considered a northwest Atlantic profile; it is likely that in other locations the solutions would have a different form.
In this paper we have concentrated on the first few lowest modes for computational convenience and because those are the modes of interest in the tomegraphic application •5'•6 which motivated this study. We have shown that the approximate solutions become increasingly worse as the mode number increases. The asymptotic solution does not usually perform much better than the adiabatic solution; moreover, it requires nearly as much computational effort as the exact solution. Therefore, it is of little use in this context as a means of implementing the solution. However, its merit and interest lie in the rigorous treatment it gives of the correction to the adiabatic approximation and in the explicit expressions it gives for evaluating the accuracy of the latter.
